Abstract. We prove that a differential graded Lie algebra is homotopy abelian if its adjoint map into its cochain complex of derivations is trivial in cohomology. The converse is true for cofibrant algebras and false in general.
Introduction
Let L be a differential graded (DG) Lie algebra over a field K of characteristic 0. We shall say that L is homotopy abelian if it is quasi-isomorphic to a DG-Lie algebra with trivial bracket.
Notice that a necessary condition for a DG-Lie algebra to be homotopy abelian is that the cohomology Lie algebra H * (L) is abelian: by Künneth formula, this is equivalent to the fact that the adjoint morphism ad : L → Hom 
K (L, L) is trivial in cohomology.
We say that L is CTA (cohomologically trivial adjoint), if the adjoint map is trivial in cohomology. The following simple examples show that the cofibrant assumption is essential in the item (2) . Example 1.2. Consider for instance the DG-Lie algebra L generated as graded vector space by the basis x, y, z, with x = y = 0, z = 1 (here the overline denotes the degree of a homogeneous element), equipped with the differential dx = z, dy = 0 and the bracket
Cleary L is homotopy abelian since the inclusion K y → L is a quasi-isomorphism. This DG-Lie algebra is not CTA, since the derivation ad y is not a coboundary in 
is a DG-vector space and ∂ is a cocycle in Hom *
The derived bracket of ∂ on the shifted Hom complex Hom *
] is defined as:
Denoting by δ the canonical differential on Hom *
is a differential graded Lie algebra. Lemma 1.6. In the above situation, the following conditions are equivalent:
(1) ∂V is an acyclic subcomplex of (V, ∂);
If the above conditions hold, then the adjoint map
ad : L → Der * K (L, L) is trivial in cohomology.
The case of classical adjoint map
The goal of this section is to prove in Corollary 2.3 the first item of Theorem 1.1.
n be the n-th symmetric power of L [1] ; note that 1 ∈ L[1] 0 = K . Then, we can consider the associated differential graded cocommutative coalgebra (SL [1] , ∆, Q), where
n , ∆ is the usual coproduct and Q the coderivation associated with d and [ , ]. More explicitly, we have:
where v 1 denotes the degree of v 1 in L [1] ; q i = 0, for all i ≥ 3, and
where S(p, q) denotes the set of unshuffles of type (p, q) and (σ) is the Koszul sign. It turns out that Q 2 = 0. (1) the morphism induced by the composition with p:
is an isomorphism of graded vector spaces. For every α ∈ Coder *
the components of pα.
(2) The linear map
is a surjective morphism of DG-vector spaces.
Theorem 2.1 (Bandiera). In the above setup, if b : Coder
of L [6, Section 2]. By standard décalage isomorphisms, CE(L, L) can be described as the product total complex of the complex of DG-vector spaces
− − → · · · and δ 0 , δ 1 are defined as:
Corollary 2.2. In the notation above, assume that for every cocycle x ∈ L there exists a linear map
φ ∈ Hom x−1 K (L, L) such that δ 0 x = [d, φ] and δ 1 φ = 0, then L is homotopy abelian.
Proof. The condition on x implies that the element
It is now sufficient to observe that p is the same, up to degree shifting, as the map b and apply Theorem 2.1.
We are now ready to show the first item of Theorem 1.1.
Corollary 2.3. Let L be a differential graded Lie algebra such that the adjoint map
n ad x , δ 1 ψ = 0, since ψ is a derivation, and then φ = (−1) n ψ satisfies the hypothesis of Corollary 2.2.
The case of derived adjoint map
In this section, we conclude the proof of Theorem 1.1. We recall that a DG-Lie algebra is CTA if the adjoint map
is trivial in cohomology.
Recall (see e.g. [5, Prop. 2.1.10]) that in the category of DG-Lie algebras over a field K of characteristic 0, the projective model structure is defined by setting:
(1) as weak equivalences the quasi-isomorphisms; Equivalently, a cofibration is a retract of a semifree extension: a semifree extension is defined as the countable composition of extensions of type
where L(H) is the free graded Lie algebra generated by a graded vector space H, ⊗ is the tensor product of graded Lie algebras and the differential d on M satisfies the condition d(H) ⊂ L. By a cofibrant resolution of a DG-Lie algebra L we mean a trivial fibration R → L such that R is cofibrant in the projective model structure.
For every morphism f : L → M of DG-Lie algebras we shall denote by Der * (L, M, f ) the DG-vector space of derivations L → M , where the structure of L-module on M is induced by f :
(1) If R is cofibrant and q is a trivial fibration, then Proof. By Proposition 3.2 it is sufficient to prove that every cofibrant homotopy abelian DG-Lie algebra R is CTA. By assumption, there exists an abelian DG-Lie algebra H and a span of trivial fibrations R r ← − P p − → H. Replacing possibly P with a cofibrant resolution it is not restrictive to assume that P is a cofibrant DG-Lie algebra and therefore both r and p are cofibrant resolutions. Since H is CTA, Proposition 3.2 implies that P is CTA and so R is also CTA.
Note that Theorem 3.3 directly implies the second item of Theorem 1.1. The last item of Theorem 1.1 follows immediately from the definition of the derived adjoint map as the morphism in the homotopy category represented by the span
